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Abstract: The vertex v of a graph G is called a 1-critical-vertex for the maximum genus 
of the graph, or for simplicity called 1-critical-vertex, if G —v is a connected graph and 
ym(G —v) = ym(G) — 1. In this paper, through the joint-tree model, we obtained some 
types of 1-critical-vertex, and get the upper embeddability of the Spiral S7,. 
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§1. Introduction 


In 1971, Nordhaus, Stewart and White [12] introduced the idea of the maximum genus of graphs. 
Since then many researchers have paid attention to this object and obtained many interesting 
results, such as the results in [2-8,13,15,17] etc. In this paper, by means of the joint-tree model, 
which is originated from the early works of Liu ([8]) and is formally established in [10] and [11], 
we offer a method which is different from others to find the maximum genus of some types of 
graphs. 


Surfaces considered here are compact 2-dimensional manifolds without boundary. An ori- 
entable surface S can be regarded as a polygon with even number of directed edges such that 


‘ 


both a and a7! occurs once on § for each a € S, where the power “—1” means that the direction 


1 


of a~* is opposite to that of a on the polygon. For convenience, a polygon is represented by 


a linear sequence of lowercase letters. An elementary result in algebraic topology states that 
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each orientable surface is equivalent to one of the following standard forms of surfaces: 


aay’, p= 0, 
Oy = p 
: II aibja; ‘b;*, Pp > 1. 
i=1 


which are the sphere (p = 0), torus (p = 1), and the orientable surfaces of genus p (p > 2). 
The genus of a surface S is denoted by g(S'). Let A, B, C, D, and E be possibly empty linear 


sequence of letters. Suppose A = ajaz...a,,r > 1, then A~! = az!...az'aj' is called the 
inverse of A. If {a,b,a~',b~+} appear in a sequence with the form as AaBbCa~!Db~!E, then 
they are said to be an interlaced set; otherwise, a parallel set. Let S be the set of all surfaces. 
For a surface S$ € S, we obtain its genus g(S) by using the following transforms to determine 
its equivalence to one of the standard forms. 


Transform 1 Aaa! ~ A, where A€ S anda¢ A. 
Transform 2. AabBb~'a~' ~ AcBc"!. 

Transform 3 (Aa)(a~'B) ~ (AB). 

Transform 4 AaBbCa~!Db-'E ~ ADCBEaba"'b-!. 


In the above transforms, the parentheses stand for cyclic order. For convenience, the 
parentheses are always omitted when unnecessary to distinguish cyclic or linear order. For 
more details concerning surfaces, the reader is referred to [10-11] and [14]. 


el 


€3 e3 


For a graphical property Y, a Smarandache #-drawing of a graph G is such a good 
drawing of G on the plane with minimal intersections for its each subgraph H € # and optimal 
if A = G with minimized crossings. Let T be a spanning tree of a graph G = (V, FE), then 
E = Er, +E}, where Er consists of all the tree edges, and E% = {e1,€2,...e3} consists 
of all the co-tree edges, where G = {(G) is the cycle rank of G. Split each co-tree edge 
€; = (Me;,Ve,) € Ep into two semi-edges (Jie, We;), (Ve,,ws,), denoted by e7* (or simply by e; if 
no confusion) and e; ' respectively. Let T =(V+V, E+E;), where Vi = {we,, we, | 1 <i < Gt, 
Ey = {(te;, We; ), We; We,) | 1 <i < B}. Obviously, T isatree. A rotation at a vertex v, which 
is denoted by oy, is a cyclic permutation of edges incident on v. A rotation system ¢ = og 
for a graph G is a set {o,|vv € V(G)}. The tree T with a rotation system of G is called a 
joint-tree of G, and is denoted by T,. Because it ia a tree, it can be embedded in the plane. By 
reading the lettered semi-edges of T> in a fixed direction (clockwise or anticlockwise), we can 
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get an algebraic representation of the surface which is represented by a 2G—polygon. Such a 
surface, which is denoted by S,, is called an associated surface of Tk joint-tree T, of Gand 
its associated surface is illustrated by Fig.1, where the rotation at each vertex of G complies 
with the clockwise rotation. From [10], there is 1-1 correspondence between associated surfaces 
(or joint-trees) and embeddings of a graph. 

To merge a vertex of degree two is that replace its two incident edges with a single edge 
joining the other two incident vertices. Vertex-splitting is such an operation as follows. Let v 
be a vertex of graph G. We replace v by two new vertices v; and vg. Each edge of G joining 
v to another vertex u is replaced by an edge joining u and v1, or by an edge joining wu and 
vg. A graph is called a cactus if all circuits are independent, i.e., pairwise vertex-disjoint. The 
maximum genus yu(G) of a connected graph G is the maximum integer k such that there 
exists an embedding of G into the orientable surface of genus k. Since any embedding must 
have at least one face, the Euler characteristic for one face leads to an upper bound on the 


maximum genus 


|E(G)| — |V(G@)| +1 


yau(G) < | 5 |: 


A graph G is said to be upper embeddable if yu(G) = | 22), where 3(G) = |E(G)| — 
|V(G)| + 1 denotes the Betti number of G. Obviously, the maximum genus of a cactus is zero. 
The vertex v of a graph G is called a 1-critical-vertex for the maximum genus of the graph, or 
for simplicity called 1-critical-vertex, if G—v is a connected graph and yy(G—v) = yu(G)-1. 
Graphs considered here are all connected, undirected, and with minimum degree at least three. 
In addition, the surfaces are all orientable. Notations and terminologies not defined here can 


be seen in [1] and [9-11]. 


Lemma 1.0 J/f there is a joint-tree io of G such that the genus of its associated surface equals 
| 3(G)/2| then G is upper embeddable. 


Proof According to the definition of joint-tree, associated surface, and upper embeddable 


graph, Lemma 1.0 can be easily obtained. 


Lemma 1.1 Let AB be a surface. If x ¢ AUB, then g(AvBa~') = g(AB) or g(AvBa™!) = 
g(AB) +1. 


Proof First discuss the topological standard form of the surface AB. 


(I) According to the left to right direction, let {a1,y1,7,',y,'} be the first interlaced set 
appeared in A. Performing Transform 4 on {21, 41,27", y,'} we will get A Bayyz{'yy! (~ 
AB). Then perform Transform 4 on the first interlaced set in A’. And so on. Eventually we 


will get AB [] viyiz;!y;>+ (~ AB), where there is no interlaced set in A. 
i=1 


(II) For the surface AB [] xiyixz!y;', from the left of B, successively perform Transform 
i=1 
4 on B similar to that on A in (I). Eventually we will get AB A List, Yj IT ajbja;'b;* (~ 
Vw I= 
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AB), where there is no interlaced set in B. 
(IIT) For the surface AB et ryt, y;* IT Crt i Pa from the left of AB, successively 
z= J= 
faee P 
perform Transform 4 on AB similar to that on A in (I). At last, we will get [] ajbja; ‘b;", 
i=1 
which is the topologically standard form of the surface AB. 
As for the surface ArBa~', perform Transform 4 on A and B similar to that on A in (I) 


and B in (II) respectively. Eventually ArBa~! IT LiYid, yz IT ajbja;'b;* (~ AxBa~*) will 
Iw jJ= 
be obtained. Then perform the same Transform 4 on AvBa~! as that on AB in (III), and at 
last, one more Transform 4 than that in (III) may be needed because of z and «~! in ArBa~!. 
p p+ 
Eventually [[ ajbja;'b;' or [[ ajbja;'b; +, which is the topologically standard form of the 


w=1 w=1 
surface AvBa~', will be obtained. 


From the above, Lemma 1.1 is obtained. 


Lemma 1.2 Among all orientable surfaces represented by the linear sequence consisting of a; 


J -1 


and Gan" (i=1,...,n), the surface aya2... Onde. Og ...@, 18 one whose genus is maximum. 


Proof According to Transform 4, Lemma 1.2 can be easily obtained. 


Lemma 1.3 Let G be a graph with minimum degree at least three, and G be the graph obtained 


from G by a sequence of vertex-splitting, then yy(G) < yu(G). Furthermore, if G is upper 
embeddable then G is upper embeddable as well. 


Proof Let v be a vertex of degree n(> 4) in G, and G’ be the graph obtained from G by 
splitting the vertex v into two vertices such that both their degrees are at least three. First 
of all, we prove that the maximum genus will not increase after one vertex-splitting operation, 
i.e, ym(G) < yu (GQ). 


Let e1, €2, .-- €n be the n edges incident to v, and v be split into v; and va. Without loss 
of generality, let e€;,, e:,,... ei, be incident to v1, and e;,,,,... ei, be incident to v2, where 
2<%, <n-— 2. Select such a spanning tree T of G that e;, is a tree edge, and e;,, ... €;,, are 


all co-tree edges. As for graph G. select T* be a spanning tree such that both e;, and (v1, v2) 
are tree edges, and the other edges of T7* are the same as the edges in T’. Obviously, e;,,... €:, 
are co-tree edges of T*. Let T={T,|T, = (T — v),, where (T — v), is a joint-tree of G— v}, 
T*={T*|T* = (T* — {v1, v2}),, where (T* — {v1, v2}),, is a joint-tree of G — {v,,v2}}. It is 
obvious that T = T*. Let S be the set of all the associated surfaces of the joint-trees of G, 
and S* be the set of all the associated surfaces of the joint trees of C Obviously, S* C S. 
Furthermore, |S*| = r! x (n — r)! x |T*| < |S] = (n- 1)! x |T|. So S* C S, and we have 
yu (G) < y0(G). 

Reiterating this procedure, we can get that yw(G) < yu(G). Furthermore, because 


B(G) = B(G), it can be obtained that if G is upper embeddable then Es = AC) = 


= G 
yu(G) < yu(G) < AS). So, yu (G) = Le is and G is upper embeddable. 
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§2. Results Related to 1-Critical- Vertex 


The neckband Non is such a graph that Non = Can + R, where C2, is a 2n-cycle, and R = 
{aj|a; = (vai-1, Voige2). (= 1,2,...,n, 20+2=r(mod 2n), 1<r< 2n)}. The mdbius ladder 
Mon is such a cubic circulant graph with 2n vertices, formed from a 2n-cycle by adding edges 
(called ”rungs”) connecting opposite pairs of vertices in the cycle. For example, Fig. 2.1 and 
Fig. 2.5 is a graph of Ng and Mo, respectively. A vertex like the solid vertex in Fig. 2.2, Fig. 
2.3, Fig. 2.4, Fig. 2.5, and Fig. 2.6 is called an a-vertex, G-vertex, y-vertex, d-vertex, and 
n-vertex respectively, where Fig. 2.6 is a neckband. 


e 

< w 
és § 
=) 

eee 
eee 
a a 
eee 


vg U7 
Fig. 2.1. Fig. 2.2 Fig. 2.3 
ie v2 V1 
m 
V1 von GO V2 V3 Van 
e a e ap. txXA: 
ae: a] > Xe U4 fo! v2n-1 
ae Wis ‘a Un V2n—2 
Un+1 V2n-—3 
Fig. 2.4 Fig. 2.5 Fig. 2.6 


Theorem 2.1 [fv is an a-vertex of a graph G, then ym(G—v) = yu (G). Ifv is a B-vertex, 
or ay-vertex, or a d-vertex, or an n-vertex of a graph G, and G—v is a connected graph, then 


yu(G—v) = yu(G)-1, é.e., G-vertex, y-vertex, d-vertex and n-vertex are 1-critical-vertex. 


Proof Ifv is an a-vertex of the graph G, then it is easy to get that ya(G —v) = yu (G). 
In the following, we will discuss the other cases. 


Case 1 v is an (-vertex of G. 


According to Fig. 2.3, select such a spanning tree T of G such that both a and b are 
co-tree edges. It is obvious that the associated surface for each joint-tree of G must be one of 


the following four forms: 


(i) AabBa~'b-! ~ ABaba~'b7}; 
(ii) AabBb-ta~! ~ AcBc7}; 

(iii) AbaBa~'b~' ~ AcBc7!; 

(iv) AbaBb-'a~! ~ ABbab-ta~t. 


On the other hand, for each joint-tree Te 


fom) 


which is a joint-tree of G — v, its associated 


surface must be the form as AB, where A and B are the same as that in the above four forms. 
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According to (i)-(iv), Lemma 1.1, and g(ABaba~b— 


= yu (G) evs 


Case 2 v is an y-vertex of G. 


=9 


(AB) +1, we can get that ya7(G — v) 


As illustrated by Fig.2.4, both v1 and v2 are y-vertex. Without loss of generality, we only 


prove that yyz(G — v1) = yu(G) — 1. Select such a spanning tree T of G such that both a and 


b are co-tree edges. The associated surface for each joint-tree of G must be one of the following 


16 forms: 


Aabb-ta~!B 
Abab~'a~'B 
Ab-!a~!Bab, 
Ab-!a~!Bba, 


Aabb-! Ba“, 
Abab-! Ba“, 
Ab-'Ba~tab, 
Ab~!Ba~‘ba, 


Aaba~'Bb-!, AabBa~to-, 
Abaa-!Bb-', AbaBa~'b-}, 
Aa~'Bb-'ab, ABa~'b7'ab, 
Aa~'Bb-'ba, ABa~'b7'ba. 


Furthermore, each of these 16 types of surfaces is topologically equivalent to one of such surfaces 


as AB, ABaba~'b—!, and AcBc~ 


. On the other hand, for each joint-tree Tr, which is a joint- 


tree of G — v1, its associated surface must be the form of AB, where A and B are the same as 
that in the above 16 forms. According to Lemma 1.1 and g(ABaba~‘b~')=g(AB) + 1, we can 
get that yu(G — v) = yu (G) — 


Case 3 v is an 6-vertex of G. 


In Fig.2.5, let a; = (vj, Un4i),2 = 1,2,..., 


that the associated surface of T. 7 is mnm-"n 


Syst = 
A203...AnAq a3 ee 


Lemma 1.2 and g(mnm~tn7! 


a2a3.. gs Ge 


Li 


1 


can get that yar(G— v) = yu (G) - 1. 


1 
afi an-1 ao an a3 
an . ° 
: eee Unt1 te ee 
V2n 
m V1 
n mt 
Fig. 3. 


Case 4 v is an 7-vertex of G. 


a2 


—lasag tess 


n. Without loss of generality, we only prove 
that yu(G — v1) = yu(G) — 1. Select such a joint-tree T, of Fig. 2.5, which is illustrated 
by Fig.3, where the edges of the spanning tree are represented by solid line. It is obvious 
GnQza3'...a71. On the other hand, 


is the associated surface of one of the joint-trees of G— v,. From 
1. .a51)=g(aedg...ana3'a3°...a51) +1, we 


an 42 a3 A n—-2 Gn 
. ‘ 
° ° eee a 
: A 
v1 Van-1 
v2 V2n-3 "5 
-1 . r 
— V2n s 
rol 
Fig. 4 


As illustrated by Fig.2.6, every vertex in Fig. 2.6 is a 7-vertex. Without loss of generality, 


we only prove that ya7(G — von) = yu (G) — 1. 
A joint-tree T, of Fig.2. o is depicted by Fig.4. It can be read from Fig.4 that the associated 


surface of T, is S = a1an( sii ai41@; ‘a; ya;z1rs 


t=1 


1 


sr 


Ss 


1 Performing a sequence of Transform 
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4 on S, we have 


n-3 
S = aian(] | Qi410; ‘Vara, 'rsr Tool 
i=l 
n—-3 
(Transform 4) ~ ({] i410; ')a, yagrsr lL, ta1dnaj Oa 
j=2 
n-3 
(Transform 4) ~ ({ 4;414; "a> yaarsr I. ta1dnaj are ‘a3a203 "Gs : 
1=4 
n—4 
rsr—'s—lajana,a7"( ial i414;0;,44, -) m= 0(mod 2); 
(Transform 4) ~ ae (1) 
rsr—'s—layanaza7z'( JT] ait1aiaj,,0;') n=1(mod 2). 
j=2 
It is known from (1) that 
9(S) = yu(G) (2) 


F n—-3 ae ~ 
On the other hand, S’ = ayan([] ai+1a;')a,*,a;,! is the associated surface of T*, where T* 
i=1 


. . . . / 
is a joint-tree of G — van. Performing a sequence of Transform 4 on S' , we have 


, 


n—-3 

—1)\,-1 -1 

S = ayan([] aip107*)az* 0; 
i=1 


aa,0,a;,>( Il 4i414;0;,,4,°) n= 0(mod 2); 


a1ana; a, 1( II 4 414;0;,14; *) n = 1(mod 2). 
It can be inferred from (3) that 


9(S') = ya(G — van). (4) 


From (1) and (3) we have 


From (2), (4), and (5) we have yu(G — von) = yu (G) —- 1. 
According to the above, we can get Theorem 2.1. 


Let G be a connected graph with minimum degree at least 3. The following algorithm can 


be used to get the maximum genus of G. 


Algorithm I: 


Step 1 Input i=0, Go =G. 
Step 2 If there is a 1-critical-vertex v in G;, then delete v from G; and go to Step 3. 
Else, go to Step 4. 
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Step 3 Deleting all the vertices of degree one and merging all the vertices of degree two 
in G; — v, we get a new graph Gj41. Let 2 =i+1, then go back to Step 2. 
Step 4 Output yu(G) = yu (Gi) +7. 


Remark Using Algorithm I, the computing of the maximum genus of G can be reduced to 
the computing of the maximum genus of G;, which may be much easier than that of G. 


§3. Upper Embeddability of Graphs 


An ear of a graph G, which is the same as the definition offered in [16], is a path that is maximal 
with respect to internal vertices having degree 2 in G and is contained in a cycle in G. An ear 
decomposition of G is a decomposition po, ..., pk such that po is a cycle and p; for 7 > 1 is an 
ear of po U-:-Up;. A spiral S)’ is the graph which has an ear decomposition po, ..., Pn such 
that po is the m-cycle (vjv2...Um), pi for 1 <i < m—1 is the 3-path Um42i—2Um+42i-1Um-+42iUi 


which joining Um+2i-2 and Ui; and Pi fori > m—1 is the 3-path Um+2i—-2Um+2i—1Um+2iV2i-m+1 


which joining Um+2i—2 and voi-m+41. If some edges in S” are replaced by the graph depicted 
by Fig. 6, then the graph is called an extended-spiral, and is denoted by S*, Obviously, both 
the vertex v; and v2 in Fig. 6 are 7-vertex. For convenience, a graph of S¢ is illustrated by 
Fig.5, and Fig.7 is the graph which is obtained from S2 by replacing the edge (v13, v14) with 
the graph depicted by Fig.6. 


U3 V4 
v2 


Fig. 5. Fig. 6. Fig. 7. 


Theorem 3.1 The graph SP is upper embeddable. Furthermore, yi (SP —van+3) = yu (S#)—1, 


4.€., Van43 18 a I-critical-vertex of S2. 


Proof According to the definition of S?, when n < 4, it is not a hard work to get the 
upper embeddability of S?. So the following 5 cases will be considered. 


Case 1 n= 5j, where j is an integer no less than 1. 


Without loss of generality, a spanning tree T' of S? can be chosen as T’ = TUT», where T; is 
j-l 


the path V2QU1 U5 V4U3{ I] V10i+1V101V10i—1 V10i—2V10i—3 V10i—4 V101-+5 V10i+4V10143 V10i4 2}Von b1- V2n 
i=l 
Van—1V2n—2V2n—3VIn—AVIN+5VIN+4V2n43, T2 = (Venti, V2n42). Obviously, the n + 1 co-tree 


z=, 
edges of S? with respect to T are e; = (v2,v3), €2 = (v2,v9), eg = (v1,¥7), [] {esi-1 = 
i=l 


(vi0%—5; Vioi—4), E54 = (Vi0i—65 V10i-4+3) 5 C5¢-41 > (Vi0it1, Vi0i+2), C5142 = (vi08, Vi0i+9), C5143 _ 
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(vi0i—2, Vioi+7) $5 En-1 = (van—5, Van—4), en = (Van—6, Van+3), En+t1 = (Von425 Van+3): Select 
such a joint-tree T, of S? which is depicted by Fig.8. After a sequence of Transform 4, the 
associated surface S of T, has the form as 


j-2 


-1 -1 -1 -1 —-1,-1 
S = €1€2€, eseaes{] | €5i+1€574+2€5;_ 3 €51+3€5; 9€53_ 1 ©5144 E5145 €5; esiiit 
i=l 


-1 -1 ,-1 1 1 1 1 1 -1 ,-1 
En—4€n—3€n—gen—2€n—7&n_—GEn—-1En—5 en —4en—3€n—2€n 1€nt+1€n€n+1€n 


>) 


Fj) 0= 71. 
oy II E{1E12E;1 Cj » 
i=1 


= af aay n+l. q 
where e;j, €;; © {€1,---,€n41,€1 9+--€ngiti ?= 1,--.5/ |;7 = 1,2. Obviously, g(S) = 
n+1 2 det 
[ |. So, when n = 57, SP is upper embeddable. 
2; 
-1 -1 1 1 1 
€3 C4 &5 &6 €n-1 Cn—-5 nA €n-3 Cn-2 Cn-1 
asi . . . . . . . . . . €n+1 
e seni? : ; Ee <3 ; : : : 
feu2 $$ $ § VZ f° * © F vIn-6 ?  UV2n+1 U2n $$ V2n-2 ¢ 3 V2n+5 eee 
nm 


Fig. 8. 


Case 2 n=5j+1, where 7 is an integer no less than 1. 


Without loss of generality, select JT’ = T, U Ty to be a spanning tree of S?’, where T} is the 


J 
path v3v201{ [] V10i—3V10i—4V10i—5 V10% 6V10i-+3U10i+2V10i+1U108U10i—1U10i—2 }V2n45V2n44U2n43, 12 


oh 
= (van41,V2n42). It is obviously that the n + 1 co-tree edges of S? with respect to T are 
j-l 
a = (v1, U5), €2 = (v3, V4), 63 = (v3, V11), €4 = (v2, v9), {5% = (V101—3, Vi0i—2), C5é-41 = 


t 
(vioi—a, Vi0i+5); 65142 = (Vi0i+3; Vi0i+4); C5143 = (Vi0i+2, V10i+11); e544 = (vi08, Vioit9) }, En-1 = 


(Von—5, Van—4), Cn = (Van—6, Van43); Ent1 = (Van+2; Ven+43). Similar to Case 1, select a joint tree 
T, of SP. After a sequence of Transform 4, the associated surface S of T, has the form as 


j-2 


-1,-1 -1 —1 -1 -1 -1 
So = ELEQEZE4E5EBE, EQ C7E8E3 eo{] | €5; 154 dit 5 €5i+6 65541 ©5542 6514-7 
i=1 


=i = eee af 1 1 1 1 Ay 34 
€5i4+8€5 1435149 }On—7En—6En—1En 5en—4€n—3€n—2€n—1 Ent 1en€n41 En 


FI 
- Il nen Cig 
i=l 
= =f se : n+l. ; 
Whereeye 5 GS 1ijnerreneiney eieesearin *— legal |;7 = 1,2. Obviously, g(S) = 


n+1 
2 


L 


|. So, when n = 57 + 1, S? is upper embeddable. 
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Case 3 n=5j +2, where 7 is an integer no less than 1. 


Without loss of generality, select a spanning tree of S?’ to be T = T; UT»2, where T; is the 


J 
path V1 U5V4UZV2{ I] V10i—1V10i—2 V10i—3 V10i—4 V10i1+5 V107+-4 V10i+3V10i42 V10i4 1101 }Von45V2n4+4V2n43; 


i=l 

T2 = (Von41,V2n+2). It is obviously that the n + 1 co-tree edges of S? with respect to T 
j-1 

are €, = (v1, v2), Co == (v1, 07), €3 = (us, U6); e4 = (v4, Vi3), 6 = (v3, U11); TI {esiza = 
i=l 


(vi0i—1, Vi08), 54-42 = (V101—25 V10i+7)s C5i+3 = (Vi0r455 V10i4+6)s C5444 = (V10i-445 V10i413) > C5445 = 
(Vioi+25 Vioit11)}, Cn—1 = (Van—5,Van—4), Cn = (Van—6, Van+3), En41 = (Van42,V2n43)- Similar 
to Case 1, select a joint-tree ie of S?. After a sequence of Transform 4, the associated surface 
S' of i has the form as 


j-2 


1 1,-1 Hf -1,-1 -1 —1 
= ELEQEZE4ZE5E, ECGETEQ E3 ECR€gly evo{] | €5; C5441 €5i+6 514-7 ©5442 65143 E51+8 
i=1 


1 


—1 -1 -1 1 1 1 1 1 —1 _ 
€5i4+.9€5; 4 4€5i+ 10} En _ 7€n_gen—1ep, 5€n—4En—3€n—2€n—1En4+1En€n11 en 
[2H] 

ari 


-1 
i II Ci1€i2€;1 €j2 » 
i=1 


n+1 
2 


1 ei = 
where €2, 6), {eis ety Ondiglly ety ep tit Sl etew| 
pee 


2 
Case 4 n=5j+3, where 7 is an integer no less than 1. 


|;j = 1,2. Obviously, 9(S) = 


|. So, when n = 57 + 2, SP is upper embeddable. 


Without loss of generality, a spanning tree T’ of S? can be chosen as T = Ty U Th, 


j 

where J; is the path V2U1U7U6U5V4U34 [| V10i4-1U10iV10i—1V10i1—2U10i+7 V1014+- 6 V10i+5 V10i+-4U10i+3- 
i=l 

V10i+2 }Van+5V2n+4V2n+43; T> = (Von+1; Von+2)- It is obviously that the n + 1 co-tree edges of Se 


j 

with respect to T are e1 = (v1, Us), €2 = (v2, v3), €3 = (v2, v9), [] {ess—1 = (vi0i—3, Vioi—2), 58 = 
i=l 

(Vioi—4; Vi0i+5), C5i41 = (Vi0i—65 V10i-+3), C5i+2 = (U10i+15 V10i+2), C5143 = (vi0a, Vioi+t9) }, En+1 = 

(Van+2, V2n43). Similar to Case 1, select a joint-tree T, of S’. After a sequence of Transform 


4, the associated surface S of Te has the form as 


j-1 


-1 -1 -1 -1 —1 
so = EL EQEZE4ZE5E, CGEQ {]] €5142€514+3€5; 965; 1 €5144€5145€5; C5146 
i=1 


I 


= asl ‘i 1 1 1 1 Sie = 
C5i415i42ten—1€n 5en—4€n—3€n—2€n—1Ent1en€n41 En 
ae 


= ea 
PY II Ej1E12€;1 C72 > 
i=1 


+1 
where e;;, ey CNC ry@eine, suc en ak P= Te esG i 5 |;7 = 1,2. Obviously, g(S) = 
1 
_ |. So, when n = 5j + 3, S? is upper embeddable. 


Case 5 n=5j+4, where 7 is an integer no less than 1. 
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Without loss of generality, a spanning tree T’ of S? can be chosen as T = T; UT, UT3, 


j 
where T} is the path vj v2{ [] vioi—1 101201013 V101—4V10i—5 V10i—6V101 431014210141 V108 }U2n-+417 
i=l 


Von VIn—1VIn—2VIn—3VIn—AVIN4+5VIn4+4U2n43, L2 = (v2,v3), T3 = (Ven41, Van42). It is obviously 
that the n+1 co-tree edges of S? with respect to T are e; = (v1, us), €2 = (v1, U7), €3 = (U3, U4), 


J 
€4 = (v3, v11), i {€5: = (vi0i—1; Vi08), C5¢41 = (Ui0i—2; Vi0i+7), C5i+2 = (Vi0i—4, Vi0i+5), C5143 = 


i=l 
(Vi0i+3, Vi0i44), C5144 = (Vioit2, Vioiti1)}, Ent = (Van42,V2en+3). Similar to Case 1, select a 
joint-tree T, of S?. After a sequence of Transform 4, the associated surface S of T, has the 


form as 
j-l 
S = ere1ege4eseoen ere; ‘ey '{] | C5i+3€5i44€5j_ 15; C514 5E5i46C 5141 
i=l 
€5447€5;4.9€5i+3ten—1ep Tye, “ae *3¢n ise, : jeninenecien: 
AI 
~ II enenea Ca > 
i=1 
where ej, eae EA Cisse of Qaeisey yas (uk a eee |= = ve = 1,2. Obviously, g(S) = 
n+1 


L 


|. So, when n = 57 + 4, S? is upper embeddable. 

From the Case 1-5, the upper embeddability of S? can be obtained. 

Similar to the Case 1-5, for each n > 5, there exists a joint-tree he of S? — ven+3 such 
that its associated surface is S’ = S' — {en41€n€n+1€n /}. It is obvious that S’ is the surface 
into which the embedding of S? — van+3 is the maximum genus embedding. Furthermore, 


g(S’) = g(S)—1, ie., yar(S2 — vens3) = yu (SP) —1. So, van+3 is a 1-critical-vertex of SP. 


Similar to the proof of Theorem 3.1, we can get the following conclusions. 


Theorem 3.2 The graph S? is upper embeddable. Furthermore, yu(S", — Um+42n-2) = 


ym (S?) —1, t.€., Umntan—2 is a 1-critical-vertex of S”. 


Corollary 3.1 Let G be a graph with minimum degree at least three. If G, through a sequence 
of vertex-splitting operations, can be turned into a spiral S” 


m? 


then G is upper embeddable. 


Proof According to Lemma 1.3, Theorem 3.2, and the upper embeddability of graphs, 


Corollary 3.1 can be obtained. 


In the following, we will offer an algorithm to obtain the maximum genus of the extended- 


spiral Se. 
Algorithm II: 


Step 1 Input 7 = 0 and j = 0. Let Go be the extended-spiral Sm, 

Step 2 If there is a y-vertex v in G;, then delete v from G;, and go to Step 3. Else, go to 
Step 4. 

Step 3 Deleting all the vertices of degree one and merging some vertices of degree two in 
G,; — v, we get a new graph Gj4,. Let 2 =i+4+ 1. If G; is a spiral S)’, then go to Step 4. Else, 
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go back to Step 2. 

Step 4 Let Gj,; be the spiral S!. Deleting vm+2n—2 from S?, we will get a new graph 
Gi+j+1, (obviously, Gi4;+41 is either a spiral S?~* or a cactus). 

Step 5 If Gi;+41 is a cactus, then go to Step 6. Else, Let n = n— 2, 7 = j +1 and go 
back to Step 4. 

Step 6 Output y(S”) =i+j4+1. 


Remark 1. In the graph G depicted by Fig.6, after deleting a y-vertex v; (or v2) from 
G, the vertex v3 (or v4) is still a y-vertex of the remaining graph. 
2. From Algorithm II we can get that the extended-spiral S", is upper embeddable. 
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